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Abstract. Let (R, m) be a d-dimcnsional Cohen-Macaulay local ring. In this note we prove, 
in a very elementary way, an upper bound of the first normalized Hilbert coefficient of a m- 
primary ideal I C R that improves all known upper bounds unless for a finite number of cases, 
see Remark 1 1. 31 We also provide new upper bounds of the Hilbert functions of / extending the 
known bounds for the maximal ideal. 



Introduction 

The aim of this paper is to provide new upper bounds for the first normalized Hilbert coef- 
ficient and the Hilbert function of a m— primary ideal. In the first section we give an upper 
bound of the first normalized Hilbert coefficient e\ (I) for an m-primary ideal / taking account 
the multiplicity of / and the Hilbert polynomial of R, Proposition 11.11 This new bound im- 
proves the bound of [7] eventually unless a finite number of cases. For instance: if / C m 2 
then the bound of this paper is better than the bound of [7j, see Remark 11.31 The advantage of 
the result proved here is that its proof is very elementary skipping the theory of Ratliff-Rush 
closure or the integral closure of ideals. For more details on the upper bounds of the first 
Hilbert coefficient see the beginning of section 1. 

In the second section we give several upper bounds of the Hilbert function of / generalizing 
some results of [8]. The main ingredients of these bounds are the upper bound for the first 
normalized Hilbert coefficient and the upper bound of the postulation number, Proposition 12. II 
This upper bound of the postulation is given in terms of the normalized Hilbert coefficients of 
I and the length of the conormal module I /I 2 . 

Notations. Let R be a (^-dimensional Cohen-Macaulay ring with maximal ideal m. Without 
loss of generality we can assume that the residue field k = R/m is infinite. Let I be an m- 
primary ideal of R, the Hilbert-Samuel function of / is defined by Hj(n) = Lengthy (J" // n+1 ), 
n > 0. The i-th Hilbert-Samuel function of I, i > 1, is H){n) = Yl]=o ^/ 0')> n — 0- ^ ^ s wen 
known that there exist integers ej(I) G Z such that 

d+i-l 



3=0 

is the i-Hilbert-Samuel polynomial of /, i.e. H\(n) = h)(n) for n ^> 0, i > 0. We denote 
by pn(I) the postulation number of /, i.e. the least integer pn(I) such that Hj(n) = h°j(n) 
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for all n > pn(I); the stability st(R) of R is the supreme of pn(I) where / range over all 
the m— primary ideals of R. The order or initial degree of I is the integer o m (7) such that 
j c m o max (/) anc j j ^ m o max (/)+i^ j e last integer n such that Hj(n) = H^{n). We denote 
by 6(7) = -Hj(l) = Length^/// 2 ) the length of the conormal module of /. In the maximal ideal 
case we write = H^, b(R) = 6(m) is the embedding dimension of R, and e,(i?) = e^m), 
i > 0. 

The z-Poincare series of / is the generating function of H): 

P\ = Y,H\{n)T n eZ[[T)) 

i > 0. Since H} is asymptotically polynomial there exists a degree pn(I) + d — 1 polynomial 
f(T) E Z[T] such that 

pi _ /CO 

7 (1 - T) d +' 

An ideal J C i? is a reduction of / if there exists an integer r such that J r+1 = JI r . The 
reduction number of / is the least integer r(I) for which there exists a reduction J of I such 
that i" r ( 7 ) +1 = JI r ^\ We denote by ^(7) the minimal number of generators of /. 

The author acknowledges the useful comments of M.E. Rossi. 



1. Upper bound of ei(I) 

In [TJ we characterize the Hilbert-Samuel polynomials of one-dimensional Cohen-Macaulay 
local rings R, in particular we give a sharp upper bound of the first normalized Hilbert coefficient 
ei(R) in terms of the multiplicity of R and its embedding dimension b(R), see also [2]. This 
upper bound was naturally generalized in [3] to m-primary ideals /. In [7] Rossi and Valla 
improved the bound of [3] by considering the minimal number of generators of / and the length 
oiR/I. 

In this section we give an upper bound of the first normalized Hilbert coefficient of / in terms 
of the Hilbert-Samuel polynomial of R and the multiplicity of / improving the bound of Rossi 
and Valla. We include some known results of Northcott completing the picture on e\(I). 

Proposition 1.1. Let R be a d- dimensional Cohen-Macaulay ring. Let I be a m-primary ideal 
of R, then 

(i) [Northcott] < e Q (J) - Length^//) < e^I), 

(ii) e (R)o max (I) < e (I), 

(iii) Ifd = 1 then ei (J) < pn(/)(e (J) ~ eo(R)o max {I)) + e x {R). 
For d > 1 it holds 

e x {I) < (e (R) - l)(e (J) - e (R)o max (I)) + e x {R). 
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Proof, (i) is due to Northcott, [5]. (ii) and (Hi) for d — 1. Since the residue field is infinite 
we can assume that R is one-dimensional. Notice that from [I], Theorem 1.5, and the fact 
/ C m° max ( 7) we deduce 

e (R)(no max (I)) ~ ei(R) < Length^/™" — (/) ) < 

< Length R (R/I n ) = e (/)n - e^I) 

for all n > pn(I). Hence we get e (-R)o max (J) < e (I), and for n = pn(I) we deduce 

e x {I) < pn(I)(e (I) - e (R)o max (I)) + e x {R). 

(Hi) for d > 1. Notice that, since the residue field is infinite, e\(I) and the integer 

(e (R) - l)(e (/) - e (R)o max (I)) + e x (R) 

is stable by quotienting R by a generic regular sequence. Hence we may assume that R is 
one-dimensional. Notice that pn(I) < eo(R) — 1, [9J Theorem 2.5, so from the inequality (Hi) 
in the one-dimensional case we get 

ei(J) < (e (R) - l)(e (I) - e (R)o max (I)) + e x {R). 

□ 

Let R be a d- dimensional Cohen-Macaulay local ring and let / be an m-primary ideal of R. 
We denote by e(I) the upper bound of ei(J) of the last result: 

e(I) = (e (R) - l)(e (/) - e (R)o max (I)) + d(R). 

Rossi and Valla gave the following upper bound of e\ (I), [7] , 

*</) < PC) = ('f) - (" (/) 2 " ") - Le ng th R ( fl //) + 1. 

In the next result we prove that the bound e(I) improves p(I) unless a finite number of cases. 

Proposition 1.2. Let R be a d- dimensional Cohen-Macaulay ring. Let I be a m-primary ideal 
of R such that e (I) > 2e (R) — 1 then 

e(I) < p(I). 

Ifb(R) > 3 or o max (J) > 3 then the last inequality is strict. 

Proof. Since the residue field is infinite we can consider that d = 1. A simple computation and 
by using the inequalities Length J? (i?/J) < e (I) and 

b = b(R), [T], yields us 
20,(1)- 6(1)) > 

> e (I) (e (J) - 2 e (R) - 1) + 2 e (R) (e (R) (o max (J) - 1) - o max (I) + 2) + 2 r ~ 1 
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Let us assume o max (J) = 1. Then we have 

2(p(I) - e(/)) > e (I)(e (I) - 2e (R) - 1) + 2e (R) + 2 
If eo(I) > 2eo(-R) — 1 then we deduce 



b- 
2 



2(p(I) - e(/)) > e (i2)(-2) + 2eo(i2) + 2(' 6 n ^ = 2(\ 1 )>0. 



2 / V 2 

If b(R) > 3 then 2(p(I) - e(/)) > 0. 

Let us assume that o max (7) > 2. Since eo(I) > o max (J) eo(-R) we have 

2(p(I) - e(J)) > e ( J R)((o max (/) 2 - 2)e (i?) - 3 o max (J) + 4) + 2 r~ 1 

Notice that o max (/) 2 — 2 > and eo(-R) > 1, so 

2(p(J) - e(/)) > o max (/) 2 - 3o max (J) + 2 + 2r ~ M > 0. 

If b(R) > 3 or o max (J) > 3 then 2(p(J) - e(J)) > 0. □ 

Remark 1.3. Notice that the non covered cases by the last proposition are finite: o max (J) = 1 
and e (-R) < e (I) < 2e (R) - 2. In particular if / C m 2 then e(7) < p(I). 

Remark 1.4. Comparison with other upper bounds. Let us assume that R is one 
dimensional. In the proof of Theorem 3.1 of [8] it is proved that 

/ pn{I) + 1 N 
2 

provided that e (I) ^ Cq(R). It is easy to see that this bound is not comparable with the bound 
of Proposition 11.11 (Hi) 

/3(I) = P n(I)(e (I) - e (R)o max (I)) + e x (R), 

i.e. there exists ideals / such that ei(I) < a (I) < 13(1), resp. e\(I) < (3(1) < ol(I). 

Since pn(I) behaves bad under quotienting then by considering the inequality pn(I) < e a (I) — 
1 and the upper bound a(I), both in the one- dimensional case, Rossi and Valla prove for any 
(i-dimensional local ring R, d > 1, that 

'e (/)-2 N 
2 



ei (I) < a(I) = eo(J) - Length R (R/I) + pn(I)(e (I) - 2) 



ei(I) < 



provided eo(I) ^ e (R), [8] Proposition 3.1. An easy computation shows that our bound is 
better: 

£(/) < f^n - * 



2 

except a finite number of cases: o max (J) = 1, e (I) = e (R) + 1, and e (R) < 2 if b(R) = 
e (R) + 1, or e (R) < 4 if b(R) = e (R). 

Recall that in [3], Proposition 2.5, we prove thate(J) < ( e °«- s «) if e (J) is a prime number. 
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2. Upper bounds of the Hilbert function 

In this section we prove several upper bounds of the Hilbert function of m-primary ideals 
generalizing and improving the upper bounds of the Hilbert function of R given in [8], Theorem 
3.4. The main ingredients of the new bounds are the upper bound of the first normalized Hilbert 
coefficient and a new upper bound of the postulation number, Proposition 12.11 

Let R be a one-dimensional Cohen-Macaulay local ring and let I be an m— primary ideal. For 
all n > we set v n = eo(I) — Hj(n). The set of integers {v.} satisfies the following conditions: 

(1) v n > 0, for all n > 0, 

(2) v n = if and only if n > pn(I), 

(3) e x (I) = £«>o u »- 

It is easy to prove from the definition of the integers {v.} that, n > 0, 

n 

H}(n) = (n + l)e -J2 v i- 

3=0 

We define the integer \(I) = Length R (R/ 1). From the definition of vq and v\ it is easy to see 
that vq + v\ = 2eo(/) — A(J) — 6(7). Since Hj(n) < eo(I) we can consider the integer 

f if e (/) = A(J), 

P{I) = { 1 if eo(I) = &(/), 

[ ei (J) - 2e (7) + A(I) + 6(1) + 2 if e Q (J) > 6(7). 

In the next result we first recall, without proof and for the readers convenience, a known 
result on the stability due to Sally and Vasconcelos, see [9], Theorem 2.5. In the second part 
of the next result we prove that (3(1) is also an upper bound of the postulation number of /. 



Proposition 2.1. Let R be a one- dimensional Cohen-Macaulay ring and I C R an m— primary 
ideal. Then 

(i) [Sally- Vasconcelos] n(I) = pn(I) < st(R) < eo(R) — 1, 

(ii) pra(J) <P(I). 

Proof, (ii) Let us recall that if Hj(n) = eo(I) then Hj(n + 1) = eo(I) for all t > 0, [1], Lemma 
1.8. From this result we get the that pn(I) < (3(1) in the cases eo(I) = \(I) and eo(I) = b(I). 
Let us assume eo(I) > b(I), notice that we can write 

n>0 n>2 n>2 

so we get 

J2 v n = e x (I) - 2e (J) + X(I) + b(I) = (3(1) - 2. 

n>2 

From this inequality we deduce that Vj = for all j > (3(1), in particular we get pn(I) < 
(3(1). ~ * " ' □ 
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Remark 2.2. Rossi in [6], Theorem 1.3, gives an upper bound of the postulation number of 
an m-primary ideal by a subtle application of the determinantal trick: 

pn(I) < w(I) = e x {I) - e (/) + A(/) + 1, 

where I is an m— primary ideal of a d— dimensional Cohen- Macaulay local ring R with d = 1,2. 
Let us remark that the result of Rossi has its deep meaning in the two dimensional case. Our 
bound, whose proof follows the steps of [5], improves Rossi's bound, i.e. (3(1) < w(I), for all 
m-primary ideal J of a one-dimensional Cohen-Macaulay local ring R. 



In the next results we give upper bounds of the Hilbert function of m-primary ideals, these 
results generalize [8j, Theorem 3.4. 



Theorem 2.3. Let R be a one- dimensional Cohen-Macaulay local ring. Let I be an m— primary 
ideal, then 



If (3(1) > 2 then 



(1-T)2 

mMm-HW ifm = l 



Xjl) + (6(7) - A(/))T + (eo(Z) - bjl) - 1)T 2 + T™ 
i- (1-T) 2 

Proof. We write = e^I), X — X(I), a — a(I) and (3 = (3(1). 

If (3 = then H?(ri) = e for all n > 0, in this case we have P\ = A/(l - T) 2 . If = 1 then 
JfO(0) = A and = e for all n > 0, so P} = A + (6 - A)T/(1 - T) 2 . We can assume that 

(3 >2. First we compute the right hand side power series of the inequality: 



A + (b - A)T + (eg - & - 1)T 2 + 
(1-T) 2 

(3-1 oo 

= A + ^((j - l)(eo - 1) + 6 + A)7* + ^(e (j + 1) - ei )T»'. 

3=2 P 

Since H}(0) = A and H}(n) = eo(n + 1) — ei for all n > (3, Proposition 12.11 we have to prove 

H}(n) < (n-l)(e - 1) + 6 + A 
for n = 2, • ■ ■ , (3 — 1. Notice that this inequality is equivalent to 

n 

Vj > 2e - b - A + n - I. (*) 

3=0 

If f n = then ^™ =0 fj = ei and we have to prove t\ > 2e — b — A + n — 1, this inequality is 
equivalent to the assumption n < (3 — 1. 
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If v n 7^ then we may consider 

n n 

Vj — n = 2eo — X — b + v j — n > 2eo — A — b — 1 

j=0 j=2 

and we get (*). □ 

We can provide the result for a d- dimensional local ring. For this end we have to control the 
behavior of b(I) by quotienting by a superficial sequence. Let x±, • ■ ■ , x<f-i £ I be a superficial 
sequence of J. If we denote by K = I/(xx,--- , x^-i) and R* = R/(xi,-- - ,Xd-i) we have 
A(J) = \{K), ei{K) = ei {I), i = 0, 1, and 

= 6(J) - (d - l)A(J) + Length R (/ 2 n • • • , • • • , x d _i)J). 



Theorem 2.4. Let R be a d- dimensional Cohen- Macaulay local ring. Let I be an m— primary 
ideal, and letxi, ■ ■ ■ ,xa-i E I be a superficial sequence of I. If we denote by K = I/(xi, ■ ■ ■ ,Xd-i) 
then 



P] < < 



(1-T)2 

\(K)+(KK)-\(K))T 



if(5{K) 
if(3(K) 




1 



A(X)+(fe(^)-A(^))r+(eo(J)-b(^)-l)T 2 +T^(^) ifp(jQ>2 

If the equality holds then depth(gr i(R)) > d — 1. 

Proof. From Singh's inequality, [10] , we get 

P < Pk 
1 ~ (1-T) d - V 

from Proposition 12.31 we get the inequality of the claim. If we have Pi = Pk/ (1 — T) d_1 , then 
depth(grj(R)) >d-l, [ID] □ 

We can skip the ideal K of the last proposition by considering a new invariant attached to I 
instead (3(1). Following [8 J we can generalize to the m-primary case some results of that paper. 
Let us recall that Rossi and Valla prove that 



ei(I)<p(I) 



eo(I) 
2 



2 



Length^//) + 1 



According to this bound we define ct(I) as the last integer n such that 

'eo(/) N 
2 



< 



ei (/)- Length^//) + 1, 



notice that «(/)>//(/) — 1. We define the integer 

5(1) = ei (I) - 2e (I) + (a(I) + 2) A(J). 
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Lemma 2.5. For all m-primary ideal we have 

/3(/) < 5(1) + 2. 

Proof. We have to prove that 

ei(/) - 2eo(/) + A(/) + 6(7) + 2 = (3(1) < 5(1) + 2 = e x (I) - 2e (I) + (a(I) + 2) X(I) + 2, 

this inequality is equivalent to b(I) < (a(I) + 1) X(I). This inequality follows from the natural 
epimorphism of R/I-mo dules (R/iyW j/p an d the fact a(I) > /i(I) - 1. □ 

The following result is a generalization to m-primary ideals of [8], Theorem 3.4. In the one 
dimensional case the upper bound of Proposition 12.31 is termwise smaller that the upper bound 
in (i) of the next result. 

Proposition 2.6. Let R be a Cohen- Macaulay local ring of dimension d. Let I be an m— primary 
ideal. 

(i) If d = 1 then it holds 

! A(I) + a(I)X(I)T + (eo(Z) - (a(I) + l)A(J) - 1)T 2 + T^+ 2 
1 ~ (1 — T) 2 

(ii) If d > 2 then it holds 

\(I) + a(I)X(I)T + (eg - (a(7) + l)A(J) - 1)T 2 + T^)+ 2 
7 " (1 - T) d 

If the equality holds then depth(gri(R)) > d — 1. 

Proof. We write e« = ej(7), A = A (J), a = and 5 = 5(1). 

(i) First we compute the right hand side power series of the inequality (i) 

A + aXT + (e - (a + 1)A - 1)T 2 + T 5+2 

(1 — T) 2 ~ 

<5+l oo 

= A + ^((j - l)(e - 1) + (a + 2)X)T* + ^(e (j + 1) - e{)TK 

j=2 5+2 

From the proof of Proposition 12.31 (i) we only need to prove that: 

(a) (j - l)(e - 1) + (a + 2)A > (j - l)(e - 1) + b + X for all j = 1, • • • , - 1, and 

(6) (j - l)(e - 1) + (a + 2)A > e (j + 1) - e x for all j = (3, ■ ■ ■ , 5 + 1. 

The inequality in (a) is equivalent to (a + 1)A > 6, and this inequality follows natural epimor- 
phism of ^//-modules (R/I)^ -> //J 2 and the fact «(/) > //(/) - 1. 
The inequality in (b) is equivalent to 5 + 1 > j. 

(ii) Let xi, • ■ ■ , Xd-i G / be a superficial sequence of /. If we denote by K — I/(x\, ■ ■ ■ , Xd-i) 
and R* = R/(xi,--- ,x d -i) we have A = Length R (i?/J) = Lengthy (R*/K), Ci(K) = e»(/), 
z = 0, 1, and 5(K) = 5. 
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From Singh's inequality, [TDJ , we get 

P < Pk 
1 ~ (1 — T) d ~ l ' 

from {i) we get the inequality in (ii). If we have Pj = Pk/ (1— T) d_1 , then depth(grj(R)) > d—1, 

nm. □ 
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